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The quantity M is defined to be the multiplicity of a given strong coupling graph or loop
configuration Λ, i.e. the number of times that the corresponding term appears when derivatives
in (8) are taken in all possible ways. The expression given in (10) is only correct for graphs that
do not have special symmetries. In general we have to replace it by
M[Λ] = 1S[Λ]
(∏
l
k(l)!
)∏
x
[
d(x)/2
]!2d(x)/2 (1)
which implies a corresponding adjustment of W [Λ] in (12). The integer S is a symmetry factor
as it also appears for Feynman graphs. One here has to consider the independent permutations of
all lines embedded on the same link. The symmetry factor is the cardinality of the subgroup that
leaves the graph invariant, i.e. does not change its connectivity. For example n loops encircling
the same plaquette contribute a factor n! to S or each loop of length two (living on one link) a
factor two. If there are several of the latter on the same link they may be permuted in addition.
Of course, also more extended symmetry transformations are possible.
The above correction has no consequences for the remainder of the paper, in particular the
Monte Carlo algorithm and the numerical results. The reason is that the elementary Metropolis
steps in Section 3.2 fulfill detailed balance including the weight factor 1/S . This is trivial for
steps I and III as they only modify the active loop which is distinguished and plays no rôle for
the symmetries. For steps II the argument is more subtle. We first discuss the transition of the
type IIiiia at x = u. In the Fig. 1 a possible configuration is drawn to illustrate the point. In
a configuration Λ possible permutations involving the passive loops passing through u will in
general contribute factors to the overall S . We are instructed to pick one of the d(u) − 2 lines
DOI of original article: 10.1016/j.nuclphysb.2009.09.006.
E-mail address: uwolff@physik.hu-berlin.de.0550-3213/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.nuclphysb.2010.03.029
396 U. Wolff / Nuclear Physics B 834 (2010) 395–397Fig. 1. A configuration which locally contributes a factor 3! × 8 to the symmetry factor S . Vertices at u are those inside
the dashed circle. Under moves of type IIiiia S can be reduced by factors 1, 3 or 4 in this case.
Table 1
Revised Table 4.
L β˜ K˜ 〈|Λ˜|〉0 × V −1 g2 β˜(u0) CPU
6 1.7851 0.41112(11) 0.09098(5) 1.0622(9) 1.7904(18) 1.42
8 1.9107 0.43875(9) 0.08468(5) 1.0612(10) 1.9144(21) 1.46
12 2.1114 0.47897(6) 0.08125(4) 1.0622(10) 2.1185(26) 1.54
16 2.2841 0.51044(5) 0.08060(3) 1.0636(10) 2.2955(28) 1.74
24 2.5742 0.55930(3) 0.08073(2) 1.0590(10) 2.5724(36) 1.93
50 3.1055 0.64402(2) 0.08165(1) 1.0597(11) 3.1063(32) 2.72
Table 2
Revised Table 5.
L β˜ K˜ 〈|Λ˜|〉0 × V −1 g2 Σ(2, u0,1/L) CPU
12 1.7904 0.40987(10) 0.07897(5) 1.2300(17) 1.2300(22) 1.48
16 1.9144 0.43832(7) 0.07880(4) 1.2304(17) 1.2304(23) 1.53
24 2.1185 0.47978(5) 0.07913(3) 1.2424(17) 1.2424(23) 1.63
32 2.2955 0.51219(4) 0.07966(2) 1.2448(18) 1.2448(23) 1.93
48 2.5724 0.55882(3) 0.08045(2) 1.2547(18) 1.2547(25) 2.15
100 3.1055 0.64396(2) 0.08162(1) 1.2606(19) 1.2600(30) 3.34
emerging from 2-vertices and to swap it for the line starting the active loop at u. If the lines
available participate nontrivially in the symmetries, there will be several choices that lead to the
same proposal Λ′. More precisely, their number is given by the ratio S[Λ]/S[Λ′] which can be
larger than one in these cases. Thus the overall transition probability to go from Λ to Λ′ is
pa = S[Λ]/S[Λ
′]
d(u) − 2 min(1,1/N). (2)
The reverse process proceeds with probability
pb = 1
d(u) − 2 min(1,N) (3)
and the ratio pa/pb exhibits detailed balance with respect to W including the symmetry factor.
A completely analogous argument can be given for IIi, IIii, where one also first chooses one out
of d(u) − 2 lines to connect it with the insertion u.
Independently of the correction above a software error has affected the simulations with
kmax = 1 in Section 5. Therefore all data in Tables 4, 5, have to be revised (see Tables 1 and 2) as
well as Fig. 5 (see Fig. 2). All further details about the runs and the data analysis are unchanged.
U. Wolff / Nuclear Physics B 834 (2010) 395–397 397Fig. 2. Revised Fig. 5, with linear fits in the right panel now including (dashed line) and omitting (full line) the smallest
lattice pair.
In particular the accurate approach of Σ to the known universal value of the step scaling function
for u0 is confirmed. Why did the wrong code also yield an approximately universal result? It is
not implausible that these data corresponded to a not too drastically modified further action. We
are however not able to explicitly derive it or prove this conjecture.
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